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z {4sLmydKij}ijx*m z ijm=s}[eq ¥ e6m=}*`+u]q=ijs3o#£B{§dKijscijdi EijscKop`ce ¥ q=ljlrqO«ijscq=£ve1}¢opir¨3e ¥ ks}¢opirq3s&¯
O =
N
∑
i=1
P
∑
j=1
[g(Zij) − ln Ei − ln ∆tj − 2 lnaj ]
2
+ λ
Zmax−1
∑
z=Zmin+1
g′′(z)2,
µ8=·
«`epe
g = ln f−1
¦
P
inwop`cesBkcd£]eq ¥ w|`Bkvoxoxe   m=uLe6|opkcpeK}q=d¤£cirsLmOoxijq=sLwµIi © e3©§ox`e§sBkcd£]e(q ¥
ijdmy3e6w*·¢¦	m=s z
N
inwox`ceGsBkcd¤£Le6q ¥ ijdmy=etucir~velnwkw|e z ¥ q3xe1w|u]q=sLw|et}[kcp¨=et}m=lrij£c*mOopirq3s&©P_a`ce
wxe6}q=s z opepd inwmw|dKqBqyop`cijscGoxe6xd ¥ q3(ox`epe6wxuLq3sw|e§}kcp¨=e=©:hvirs}e
g
ijw¤irs ¥ m=}¢oKm ¥ kcs}[oxijq=s±q ¥
z ijwp}[pe[ope(¨Omyljkce6w¬£Leo«e6es
Zmin
m=s z
Zmax
¦
g′′
}6mysG£]e¤}[q3dKuckvoxe z £B{ MLsci¶ope z iFK>epes}e6w6¦]m=s z ox`ijw
£]e6}q=dKe6wmljirsce1mylje6m=w|o|­®wp¹3kLmype6w&uxq3£clre6d «`cin}*`}6mys¤£Lepq=£ckLwoplr{(wxq=lj¨=e z kwxirs¬op`cew|ijsc=kljm=
¨Om=lrkce
z e6}[q3dKuLq4w|iroxijq=sGq ¥ op`ce¤}q=pxe1w|u]q=s z irsdKmyoxpi¶~ ©#_a`ce  m ´ e (w|q ¥ o«"m=xeS«`cin}*`u]e ¥ q=pdwox`ijw
}6myljir£pmyoxijq=sw|oxe6utijw ¥ pee6lr{mX¨Om=irlnmy£cljeSirstwxq=kc*}[e ¥ q=pdt©
    À¼ y À 3$'IOv À 
!P=ij¨=e6s(ucir~vel4¨Xm=lrkeijs(op`ceuxq=e6}¢ope z ijdmy3e	pe6wxkcl¶o*w!ijs¤m=s(ijx*m z inmysL}[eR¨Omyljkce"q=sop`cea}[q=ppe6wxuLq3s z ijsc
}6mydKe*m¤uci¶~ve6l «`cij}*`G}6mys+£Le«pi¶oxoxe6stm3w¯
E = E0 + Ap(Z),
µH3·
«`epe
E0
ijwox`cem=d£cijes4o(ijx*m z ijm=s}[etµI«irox`²op`ceucpqye6}[oxq3qK	·¢¦
A
inw(mtucpq=u]q=xoxijq=sm=lriro{ ¥ m=}[oxq=
µH«`cin}*`°«e§}6myljl	mylj£Le z q4·[¦/mys z
p
inwSox`eucpqye1}¢oxq3xe1w|u]q=sLw|e}[kx¨3e«`cij}*`°dm=uwucir~vel	¨Om=lrkce1wSoxq
ijljlrkcdKijsmOopirq3s&©
E
ijw ´ sqO«s ¥ xq3d$ox`e}m=de6pmKpe6wxu]q=swxe(}[kcp¨=e3¦
E0
}6mysG£]e}[q3dKuckvoxe z ¥ xq3d³m§wxe[o
q ¥ uc`cq=oxq3=*myuc`w	kwxirscox`ceucpe¨Bijq=kwxlr{ z e1wx}xij£]e z uxqv}[e z kcpe#«irox`ox`ceucpqye6}[oxq3wx`4kco"q,K°µHq=a}m=s
£]e}[q3sw|i z e6xe z Ee6xqi ¥ ox`epe¤inwSscqtmyd£ire6s3oljir3`4oxijsc4·[¦
Z
ijw ´ scqO«s&¦&£kvo
A
µH«`cij}*` z e6uLe6s z wSq=s
op`ce}6mydKe*mtucir~Be6ln·mys z
p
mype§kcs ´ scqO«s&© "{ opm ´ ijsc:wxe¨3e*myl/ijdKm==e1w(«irox` z iFK]e6xe6s4o¤ucpqye1}¢oxe z
ksci ¥ q3xdirdmy3e6w6¦v«eS3e[oaox`ce(wx{vwoped³q ¥ e1¹4kmOopirq3sw¯
Eij = Ei0 + Aip(vj),
µIf4·
«`ij}*`t}m=s£]e(w|q3lr¨3e z £B{§dKirscijdKiFE6irsKox`ce ¥ q3lrljqO«irs¤q3£ve6}[oxij¨=e ¥ kcs}[oxijq=s&¯
O =
N
∑
i=1
P
∑
j=1
[
q(vj) + ln Ai − ln E
′
ij
]
+ λ
Vmax−1
∑
v=Vmin+1
q′′(V )2,
µ   ·
«`epe
q = ln p
¦
E′ij = Eij −Ei0
¦
P
ijwox`esBkcd¤£Le6aq ¥ ijdmy3e6w	opm ´ es«i¶op`kcsi ¥ q3xdKlj{ucxq=e6}[oxe z
ui¶~vel!¨Xm=lrke6w
vj
¦Lmys z
N
inwaox`ces4kd£]e#q ¥ }6mydKe*mucir~Be6ljwopm ´ es ¥ q=}myljij£cpmyoxijq=s&©_a`ce(ucpqye1}¢oxe z
ijdmy3e6w z qscqyo	`LmX¨=eaoxq¤}[qO¨=e6ox`ce«`cq=lje¬}6mydKe*mSirdm==e#mype6m¯!i ¥ ox`ce6xe¬m=xe#wx`m z qO« m=xe1m=w6¦
Ai
«ijlrl
£]e&Ee6xqtµIq3#}[ljq3wxeoxq)Ee6xqL¦v£Le1}mykLw|eSq ¥ pm z ijq3wxi¶o{c·q=sox`ce1w|e(m=xe1m=w6©
!wmpe6wxkclro"q ¥ £]qyox`+uc`cq=oxq3deoxpij}}m=lrij£c*mOopirq3s§ucpqB}e6wpw|e1w¦4«"e3e[oaox`ceS}m=dKe*mpe6wxuLq3swxe}[kx¨3e
m=s z ox`eucpqye1}¢opq=&pe6wxuLq3swxeR}[kcp¨=e3©_a`cinw&3ir¨3e6w&kLw!ijx*m z ijm=s}[e/¨Omyljkce1w ¥ q=ox`e}m=dKe*mairdmy3eRucir~velnw¦
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m=s z ox`ceSijlrljkcdKirsLmOoxijq=s ¥ q3"e1m=}*`+ucpqye6}[oxe z ijdKm==eSucir~vel © "q=ox`+¨Xm=lrke6wmypelrijsce6m=xlj{ z e6uLe6s z e6s3o1¦m=w
wx`cqO«sijsUe6¹]© c¦>ox`e4myijs m=s z q,K>wxe[o£]e[o«"ees:ox`ce1w|e¨Omyljkce6w£]eijsc+ox`cewxkc ¥ m=}[emylj£Le z qtmys z ox`ce
m=d£cijes4o§ijx*m z ijm=s}[e3© _a`4kLw¦a£]qyox` ijdmy3e6w§m=xetljqB}6myljlr{Plrijsce1myplr{±pelnmOope z i ¥ op`ce:wxkc ¥ m=}[eGm=lr£]e z q
m=s z myd¤£cijes4oijx*m z inmysL}[e§mype§wxlrqO«lj{:¨Omyp{Birs¦
i8© e=©Ge6¨=ep{B«`cepee[~c}euvoq3s±wx}esce}[q=s4opq=kc*w(mys z
uxq=e6}¢opq=wx`m z qO« £Lq3kcs z m=xije6w6©
ªUeu]e ¥ q=pdKe z q3kc	e~vuLe6xijdKes4opw«i¶op`m£cljm3} ´ m=s z «`ciroxe¨Bi z eq¤}6mydKe*mc¦4m}q=swxkcdKe z ir3i¶o*myl
}6mydKe*mc¦Om=s z m}[q3sw|kde6  "  ¨Bi z e6quxq=e6}¢opq=1© ! ¥ ope/}m=lrij£c*mOopirq3s&¦Xox`ce"£clnm=} ´ m=s z «`ciroxea}m=dKe*m
wx`cqO«"e z m¬lrijsce1myxe1w|u]q=sLw|e"}[kcp¨=e3¦6op`ce}[q3sw|kde6
}6mydKe*m#`Lm z m3m=dKdKmy­ lji ´ eRpe6wxuLq3swxe}[kx¨3eµI«irox`
γ ≈ 2
·[¦mys z ox`e  " ucpqye1}¢opq=a`m z mys+ijs4¨3e*w|e3m=dKdKmy­ lji ´ exe1w|u]q=swxe}[kcp¨=eKµI«irox`
γ ≈ 2.6
·¢©
ª `ce6sce¨3ekwxe z «irox`cijs ox`cem=lr3q=pi¶op`cdw¦"myljlox`eGirdmy3e6wKmype+ox*mysw ¥ q=pdKe z q=s4oxq ox`e:wxm=dKe
u`cqyopq=dKe[opxin}#pe ¥ e6xe6s}[eµIkcuoxqKmljijsce6m=	oppm=sw ¥ q3xd§·[¦4«`ij}*`de1mysw	ox`LmOoaox`ceox*mysLw ¥ e6 ¥ kcsL}¢oxijq=soxq
pe6m=l¶­ «"q=pl z wx}esce#ijs4oxe6sw|iro{dkw|o	£]e¬myuculrije z opq(£Lq=ox`op`ce#umyo|opepsirdmy3e#mys z op`ce¬}6mydKe*mSirdm==e=©
V 5V   X 9
	 X ;`=  +@<Z7= `>@U;>= 9DC
! ¥ oxe6+u`cqyopq=dKe[opxin} }6myljir£pmyoxijq=s&¦op`cepeUijwtmPlrqv}m=lljijsce6m=+pelnmOopirq3s £]e[o«"ees irs4opeswxi¶opire1w+irs ox`ce
uLmOo|opeps¤ijdmy3eam=s z irsox`ea}6mydKe*mirdmy3e=©UO ¥ «"eakwxeam*mys z q=d ucpqye1}¢opirq3sumyo|oxe6xstµHm3w z e6wp}[pij£Le z
£]eljqO«¦!wxe6}=©K©rX·¢¦
mysB{mylj=q3xirox`cd ox`myoSkLw|e1wscq=pdmyljiFE6e z }[q=ppelnmOoxijq=s ¥ q=dmOo*}*`cirso«"qtirdm==e6w
}6mysU£Le§m=ucucljire z © Lcq3e[~cmydKuclje=¦!ox`ce ¥ kcs z mydKes4o*myl/dmOopxir~:q ¥ ox`ce§}q=pxe1w|u]q=s z irs+w|oxe6xe6q+wx{vwoped
}6mys+£Le(}q=dKuckvope z £B{}[q3xpelnmOopirq3sv­ £m=wxe z u]q=ijs4o#dKmyop}*`cijscmys z pq=£kwoae6w|oxijdmOopirq3sGj   J ©
_q 3e[o¤ox`ce ¥ kcljlRk}[lji z e6mysP=e6q=dKe[opx{Uq ¥ m=s±q=ucoxin}mylaw|oxepeqUw|eoxkcu!¦/ox`ce+£]e6w|o«amX{ inw¤oxq kw|e
op`ceirdmy3e6w¬q ¥ m}myljij£cpmyoxijq=s3xi z m3wwxee6s£B{op`ce¤o«q+}mydKe6pm3w© O®s:q3kc}6m=wxe=¦>q=sclj{+ox`ceK}m=dKe*m
}6mysUw|e6e(ox`eijdmy3eq ¥ ox`ce}m=lrij£c*mOopirq3s=pi z ¯ox`ce¨BirxoxkLmyl/}m=de6pm§xe6ucxe1w|e6s4oxe z £4{top`ceKucpqye6}[oxq3
q3sclj{w|e6e6w"op`ce(wopxkL}¢oxkxe z ljir3`4o#umOoxoxeps&©	h4opirljl ¦c«e(}6mys+kwxeSox`ceucpqye1}¢ope z umOoxoxepsoxqpedmyuox`ce
}6myljir£pmyoxijq=s3xi z irs+ox`eucxq=e6}[oxq="¨BirxoxkLmyl ijdKm==e3©
O®s ¥ m=}[o6¦"«`ces op`ce=  wp}[e6sceGijwKuljm=smymys z op`cepetijw§scq²scq=scljijsce6m= z ijw|oxq3|opirq3s&¦	op`cepetijwm
`q=dKq=3pm=uc`cin}txe6ljmyoxijq=swx`ciju £Leo«e6es op`ceUumOoxoxeps ijdmy=e mys z op`ce²}mydKe6pm°ijdmy3e=© O ¥ «e kw|e
m uclnmysm=£clnm=} ´ m=s z «`ciroxe²}m=lrij£c*mOopirq3s =pi z ¦ox`cinwt`cq3dq3=*myuc`B{ }mys £Le²}[q3dKuckvoxe z £B{ u]q=ijs3o
dmyop}*`cijsc°mys z pq=£ckw|oKe6w|oxijdKmyoxijq=s&© ªUe}[q3dukvoxe z op`cinwK`cq=dKq=3pm=uc`B{²£4{ Mpw|oe[~Box*m=}[oxijscUox`ce
u]q=ijs4opwox`LmOoa`mX¨=e¬ox`ce`cij=`ce1woaxe1w|u]q=sLw|e¬oxq¤ox`ce ¬m=xpinwRq=u]e*mOopq=1¦3dmyop}*`cijsc¤ox`ce6dº£4{sq=pdKm=lri Ee z
}q=pxe6ljmyoxijq=s§q ¥ op`ceijdKm==emys z umyo|opeps+ijs4oxe6sw|iroxije6w6¦cmys z op`ceste1wopirdmOopirs¤op`ce`cq3dq3=*myuc`B{ ¥ pq=d
op`cinwwxe[oq ¥ dmOop}*`e6wkw|ijscmxq3£ckw|o¬dKe[op`cq z µIlji ´ e(op`celje6m3wo¬dKe z ijm=sq ¥ wp¹4kmype6w Gr1.J ·[©¬ªUe z e1myl
«irox`¤scq=slrijsce6m= z inw|oxq=xoxijq=sLw!q ¥ ox`cea}m=de6pm#irdmy3e	£B{Sxe6dKqO¨4ijscop`cinw z ijw|oxq3|opirq3s(£Le ¥ q=peRop`ceuxqv}[e1wxw
µHkwxirscox`ea}6mydKe*m¬}6myljir£pmyoxijq=s(um=pm=dKe[oxe6pw*·¢¦ym=s z «"eaw|kcuuLq4w|eox`myoox`ceaucpqye1}¢oxq3!`m3w
scqSq=
lriro|oplre
sq=scljirse6my z inw|oxq=xoxijq=s!©
ªUe¤}6mysGpedmyu+ox`eumyo|oxe6xsGijdmy3eq=s4oxqKop`ce¤}6mydKe*mKirdm==eq ¥ op`ceuclnmysLmy¬}6myljir£c*mOopirq3st=pi z ¦
m=s z }ljm3wxwxi ¥ {Kox`ceS£clnm=} ´ m=s z op`ceS«`ci¶opemype6m=wq ¥ ox`ce}m=dKe*m(ijdKm==ekwxirsc¤ox`e ¥ q3lrljqO«ijscdKe[op`cq z ©
Lxq3d wpmydKuclje6wKq ¥ q=scetijdmy=etq ¥ op`ce}m=lrij£c*mOoxijq=sP=pi z ¦	«"e}[q=dKuckcoxe+ox`ceGdKe1mys mys z w|opmys z my z
z e¨Bijmyoxijq=s
(µw, σw)
q ¥ ox`ce¤irs4opeswxi¶o{tijsGox`e«`ciroxe¤umyxopw¬q ¥ ox`e¤}m=lrij£c*mOopirq3sG=pi z ©¬hvirdKijljm=xlj{=¦]«e
}q=dKuckvope
(µb, σb)
¥ q3Sox`ceK£clnm=} ´ uLmyxopwSmys z
(µt, σt)
¥ q=op`ce«`cq=ljeKumOoxoxe6xsUirdm==e=©  eo
I(x, y)£]eKox`ee[~vuLq4w|kxe¨OmyljkceKq ¥ mui¶~vel	irs ox`ce§}6mydKe*mirdmy3e6w6¦
T (x, y)
ox`ce¨Om=lrkceq ¥ m+ucir~velRijsUox`ce
bBbdce>ff	gg
I   	T.	 
!6"*
	 	
pedm=ucuLe z ope[~BoxkxeSijdKm==e3¦
α =
∣
∣
∣
∣
I(x, y) − µw
σw
−
T (x, y) − µt
σt
∣
∣
∣
∣
, β =
∣
∣
∣
∣
I(x, y) − µb
σb
−
T (x, y) − µt
σt
∣
∣
∣
∣
.
µH3·
ª irox`irs°op`ce«`i¶opemype6m3wSq ¥ ox`e=pi z ¦«e`mX¨3e
α  β
¦/mys z «irox`irs°op`ce£ljm3} ´ m=xe1m=wS«"e§`mX¨=e
α  β
¦wxq¤op`ce(wp}mylnmy
G(x, y) =
2
π
arctan
(
β
α
) µ y·
o*m ´ e6w"¨Omyljkce6w#}lrq4w|eoxqGSijst«`ci¶ope(mype6m3wm=s z ¤ijst£clnm=} ´ m=xe1m=wµ(ML©&1·[©
L
ij=kcpet=¯(hBijdkclropm=sceq3kw(}6myljir£c*mOopirq3s:q ¥ op`ce§}m=de6pm+mys z op`ceucpqye6}[oxq36¯_a`ceKq=pij=ijsmyl/}m=dKe*m
ijdmy3eq ¥ op`ce§}m=lrij£c*mOoxijq=s =pi z «irox`Uox`ceuxq=e6}¢ope z umOoxoxe6xs
I(x, y)
µHlre ¥ o*·¢¦mys z op`cew|k£vox*m=}[oxe z
ijdmy3e
G(x, y)
«`ce6xe"op`ceirdm==ea`m=w£]ee6sw|e6=dKes4oxe z kLw|ijscox`ceuLmOo|opepsKirdmy3eµHxij=`4o¢·¢©6P£ve6}[opw
op`mOo¬m=xeqK:ox`ceuclnmyseKµ8w|kL}*`tm3wox`ce`m=s z `cq=l z ijscox`ce3xi z ·=ij¨=eS*mys z q=dº¨Omyljkce6w6©
_a`ceirdmy3e
G(x, y)
}myst£]ekwxe z «irox`GmysB{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